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Abstract
Consider the following class of conformable time-fractional stochastic
equation
T aα,tu(x, t) = λσ(u(x, t))W˙t, x ∈ R, t ∈ [a, T ], T <∞, 0 < α < 1,
with a non-random initial condition u(x, 0) = u0(x), x ∈ R assumed to
be non-negative and bounded, T aα,t is a conformable time - fractional
derivative, σ : R→ R is globally Lipschitz continuous, W˙t a generalized
derivative of Wiener process and λ > 0 is the noise level. Given some
precise and suitable conditions on the non-random initial function, we
study the asymptotic behaviour of the solution with respect to the time
parameter t and the noise level parameter λ. We also show that when
the non-linear term σ grows faster than linear, the energy of the solution
fails to have global existence at all times t for all α ∈ (0, 12) ∪ (
1
2 , 1) and
the solution grows to infinity (fails to exist) even with linear condition
on σ when α = 12 .
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1 Introduction
It has been shown that most results on stochastic partial differential
equations assume a global Lipschitz continuity condition on the
mutliplicative non-linearity term σ, see [6, 7, 8, 18, 19, 20]. Many results
exist on asymptotic behavior of solutions and non-existence of global
solutions for different classes of fractional stochastic heat equations, see
[8, 9, 22] and their references. In this paper, we study the long-term behavior
and global non-existence of solution to a class of conformable time- fractional
stochastic differential equation. The use of fractional derivative has now
received an increasingly high interest and attention due to its physical and
modelling applications in Science, Engineering and Mathematics, see [30] and
the references. There are various definitions and generalizations of the
fractional derivative, not limited to the Riemann–Liouville fractional
derivative and Caputo–Dzhrbashyan fractional derivative, with their
respective limitations, see [5]. One of the limitations of the above two
fractional derivatives, is that they do not satisfy the classical chain rule;
hence, the need for a better definition of fractional derivative. In [13], Khalil
and his co-authors, introduced a new well-behaved definition of a fractional
derivative known as the conformable fractional derivative, satisfying the usual
chain rule, the Rolle’s and the mean value theorem, conformable integration
by parts, fractional power series expansion and the conformal fractional
derivative of a constant real function is zero, etc. These properties have given
rise to a new research direction. Thus conformable fractional derivative is a
natural extension of the classical derivative (since it can be expressed as a
first derivative multiplied by a fractional factor or power in some cases) and
has many advantages over other fractional derivatives as mentioned above.
The conformable fractional derivative combines the best characteristics of
well-known fractional derivatives, seems more appropriate to describe the
behavior of classical viscoelastic models under interval uncertainty, see [24]
and gives models that agree and are consistent with experimental data, see
[2]. Conformable fractional derivatives are applied in certain classes of
conformable differentiable linear systems subject to impulsive effects and
establish quantitative behavior of the nontrivial solutions (stability,
disconjugacy, etc), see [4, 10]; and used to develop the Swartzendruber model
for description of non-Darcian flow in porous media [4, 28]. Conformable
derivatives are also used to solve approximate long water wave equation with
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conformable fractional derivative and conformable fractional differential
equations via radial basis functions collocation method [12, 26].
Though there have been significant contributions in the study of class of
stochastic heat equations with Riemann–Liouville (R–L) and
Caputo–Dzhrbashyan (C–D) fractional derivatives [6, 7, 8, 16, 18, 19, 20, 27],
but not much has been done in the study of stochastic Cauchy equation with
conformable fractional derivative, see [5], see also [15, 31] for recent studies
on conformable fractional differential equations.
The difference in studying stochastic Cauchy equation with conformable
fractional derivative is that there is no singular kernel of the form (t − s)−α
generated for 0 < α < 1 which reflect the nonlocality and the memory in
the fractional operator as in the case of R–L and C–D fractional derivatives.
Thus, despite the fact that it does not possess or satisfy a semigroup property
unlike the R–L and C–D fractional operators that have well-behaved semigroup
properties, the use of conformable fractional derivative makes the study of the
theory of fractional differential equation easier, see [1, 31].
Due to the above and many other advantages/importance of conformable
derivative, it has become increasingly applicable to the study of both initial
and boundary value problems. Souahi et al. in [25] studied the following
equation as a possible model for some nonlinear control system
T aα,tu(x, t) = f(u(x, t)), x ∈ R, 0 < a < t ≤ T <∞, 0 < α < 1, (1.1)
with an initial condition u(x, 0) = u0(x), x ∈ R; where T
a
α,t is a conformable
fractional derivative, f : R → R is a Lipschitz continuous function. They
studied the stability and asymptotic stability of equation (1.1), and presented
some illustrative examples to analyse some nonlinear control system in the
conformable sense. Asawasamrit et al. in [3] studied the existence of
solutions to the boundary value problems for some specific conformable
fractional differential equations. In this work we wish to extend the study of
conformable derivative to stochastic equations and therefore consider the
following class of conformable fractional stochastic equation:
T aα,tu(x, t) = λσ(u(x, t))W˙t, x ∈ R, 0 < a < t ≤ T <∞, 0 < α < 1, (1.2)
with an initial condition u(x, 0) = u0(x), x ∈ R; where T
a
α,t is a conformable
fractional derivative, σ : R → R is a Lipschitz continuous function, W˙t is a
generalized derivative of Wiener process (Gaussian white noise) and λ > 0 is
the noise level. We consequently give the lower moment growth bound and
explore the asymptotic behavior and long-term properties of the solution. We
also show that the solution fails to exist globally when the non-linearity term
grows faster than linear; thus our solutions blow up in some sense.
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The paper is outlined as follows. Section 2 contains the definitions of basic
concepts used; the problem formulation, the main results and their proofs are
given in Section 3, and Section 4 houses a brief conclusion of the paper.
2 Preliminaries
For the definition and more details on conformable fractional derivatives, see
[1, 5, 11, 13, 30, 31] and their references. Let D := [a,∞)× R.
Definition 2.1. The conformable time-fractional derivative starting from a of
a function u : D → R of order α is
T aα,tu(x, t) = lim
ǫ→0
u(x, t+ ǫ(t− a)1−α)− u(x, t)
ǫ
.
If T aα,tu(x, t) exists on (a, b), then
T aα,tu(x, a) = lim
t→a
T aα,tu(x, t)
and if ut(x, t) exists then
T aα,tu(x, t) = (t− a)
1−αut(x, t).
Definition 2.2. The fractional integral starting from a of a function u : D →
R of order α is
Iaα,tu(x, t) =
∫ t
a
(s− a)α−1u(x, s)ds.
In [31], the authors considered the following problem
T aαy(t) = f(t, y(t)), t ∈ [a,∞), 0 < α < 1 (2.1)
subject to the initial conditions y(a) = ya or y(a) + g(a) = ya where T
a
αy(t)
denotes the conformable fractional derivative starting from a of a function y of
order α, f : [a,∞)× R→ R is continuous and g is a given functional defined
on an appropriate space of functions.
Lemma 2.3 ([31]). If f is Lipschitz continuous, then a function y in C([a, b])
is a solution of the initial value problem (2.1) if and only if it is a continuous
solution of the following integral equation
y(t) = ya + I
a
αf(t, y(t)), t ∈ [a, b].
Remark 2.4. The existence and uniqueness result was proved by Banach’s
contraction principle on C(I), I = [a, b], equipped with an appropriate
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weighted maximum norm. Zhong and Wang thus defined a function e(t) by
e(t) = e−β
(t−a)α
α , β ∈ (L,∞), L > 0,
and for y ∈ C(I), it was given that ‖y‖β = ‖e(.)y(.)‖, where ‖.‖ denotes a
maximum norm on C(I) with (C(I), ‖.‖β) a Banach space, (see [31] Theorem
3.1).
Lemma 2.5 ([1, 13]). Assume that f : (a,∞)→ R is continuous and 0 < α ≤
1. Then, for all t > a we have
T aαI
a
α,tf(t) = f(t).
Lemma 2.6 ([1]). Let f : (a, b) → R be differentiable and 0 < α ≤ 1. Then,
for all t > a we have
Iaα,tT
a
α(f)(t) = f(t)− f(a).
Next theorem gives a fractional version of Gronwall inequality
Theorem 2.7 ([1]). Let r be a continuous, nonnegative function on an interval
J = [a, b] and δ and k be nonnegative constants such that
r(t) ≤ δ + k
∫ t
a
r(s)(s− a)α−1ds (t ∈ J).
Then for all t ∈ J , r(t) ≤ δek
(t−a)α
α .
Remark 2.8. The proof uses the fact that the functionK(t) = e−k
(t−a)α
α solves
the following conformable differential equation T aαK(t) = −kK(t).
Now, for a definition of generalized derivative for a deterministic function
w(t):
Definition 2.9. Given that g(t) is any smooth and compactly supported
function, we define the generalized derivative w˙(t) of w(t) (not necessarily
differentiable) as ∫ ∞
0
g(t)w˙(t)dt = −
∫ ∞
0
g˙(t)w(t)dt.
Similarly, the generalized derivative W˙t of Wiener process with a smooth
function g(t) as follows:
∫ t
0
g(s)W˙sds = g(t)Wt −
∫ t
0
g˙(s)Wsds.
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We also give the gamma function as follows
Γ(z) = γ(z, x) + Γ(z, x),
where γ(z, x) is an incomplete gamma function given by
γ(z, x) =
∫ x
0
e−ttz−1dt, x > 0
and Γ(z, x) is the complement of the incomplete gamma function given by
Γ(z, x) =
∫ ∞
x
e−ttz−1dt, x > 0.
Next, we state the following estimates (bounds) on the incomplete gamma
function:
Theorem 2.10 ([17]). The following inequalities
exp
(
−ax
a + 1
)
≤
a
xa
γ(a, x) ≤ 1F1(a; a+1;−x) ≤
1
a+ 1
(
1+ae−x
)
, for all x > 0
hold, where 1F1(a; a+1;−x) is a confluent hypergeometric (Kummer) function.
Also, for 0 < a ≤ 1,
1− e−x
x
≤
a
xa
γ(a, x).
3 Main Results
For the existence and uniqueness result, we assume that σ is globally Lipschitz:
Condition 3.1. There exists a finite positive constant, Lipσ such that for all
x, y ∈ R, we have
|σ(x)− σ(y)| ≤ Lipσ|x− y|,
with σ(0) = 0 for convenience.
Define the following norm based on L2(P) norm
‖u‖2,α,β :=
{
sup
a≤t≤T
sup
x∈R
e−
β
α
(t−a)α
E|u(x, t)|2
}1/2
.
Following similar ideas in [1, 21, 31], we give the following results:
Lemma 3.2. Given that condition 3.3 below holds, then a function u in L2(P)
is a solution of Equation (1.2) if and only if it is a solution of the integral
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equation
u(x, t) = u0(x) + I
a
α,t[λσ(u(x, t))W˙t],
with T aα,tI
a
α,t[u(x, t)] = u(x, t) for a continuous function u(x, t).
Thus, the mild solution to Equation (1.2) is given as follows
u(x, t) = u0(x) + λ
∫ t
a
(s− a)α−1σ(u(x, s))W˙sds
= u0(x) + λ
∫ t
a
(s− a)α−1σ(u(x, s))dWs. (3.1)
The next condition on u follows from the assumption of Lipschitz continuity
of σ:
Condition 3.3. The random solution u : D → R is L2 - continuous ( or
continuous in probability).
Proof. Let 0 ≤ t0 < t for a fixed t0 and solution u,
|u(x, t)− u(x, t0)| =
λ
∫ t
a
(s− a)α−1σ(u(x, s))dWs
− λ
∫ t0
a
(s− a)α−1σ(u(x, s))dWs

=
λ
∫ t
t0
(s− a)α−1σ(u(x, s))dWs
.
By Itô isometry and the property of σ in Condition (3.1) we obtain
E|u(x, t)− u(x, t0)|
2 = λ2
∫ t
t0
(s− a)2α−2E|σ(u(x, s))|2ds
≤ λ2Lip2σ
∫ t
t0
(s− a)2α−2E|u(x, s)|2ds
≤ λ2Lip2σ‖u‖
2
2,α,β
∫ t
t0
(s− a)2α−2e
β
α
(t−a)αds.
Take limit of both sides as t goes to t0, thus lim
t→t0
E|u(x, t) − u(x, t0)|
2 ≤ 0
which implies that lim
t→t0
E|u(x, t) − u(x, t0)|
2 = 0 and therefore the solution u
is continuous in L2(P) or continuous in mean at fixed point t0
Theorem 3.4. Suppose Cα,β,T <
1
(λLipσ)
2 for positive constants Lipσ and λ
together with both Conditions 3.1 and 3.3. Then there exists a solution u of
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equation (1.2) that is unique up to modification, with
Cα,β,T :=
(T − a)2α−1
2α(2α− 1)
(
1 + (2α− 1)e
β
α
(T−a)
)
.
The proof of the theorem is based on the following lemmas. Now define
the operator
Au(x, t) = u0(x) + λ
∫ t
a
(s− a)α−1σ(u(x, s))dWs,
and the fixed point of the operator A gives the solution of Equation (1.2). We
now state the following lemmas whose proofs follow from [21].
Lemma 3.5. Suppose u is a predictable random solution such that ‖u‖2,α,β <
∞ and Conditions 3.1 and 3.3 hold. Then there exists a positive constant
Cα,β,T such that
‖Au‖22,α,β ≤ c1 + Cα,β,Tλ
2Lip2σ‖u‖
2
2,α,β.
Lemma 3.6. Suppose u and v are predictable random solutions such that
‖u‖2,α,β + ‖v‖2,α,β <∞ and Conditions 3.1 and 3.3 hold. Then there exists a
positive constant Cα,β,T such that
‖Au−Av‖22,α,β ≤ Cα,β,Tλ
2Lip2σ‖u− v‖
2
2,α,β.
Remark 3.7. By fixed point theorem we have u(x, t) = Au(x, t) and
‖u‖22,α,β = ‖Au‖
2
2,α,β ≤ c1 + Cα,β,Tλ
2Lip2σ‖u‖
2
2,α,β
which follows that
‖u‖22,α,β
[
1− Cα,β,Tλ
2Lip2σ
]
≤ c1 ⇒ ‖u‖2,α,β <∞⇔ Cα,β,T <
1
(λLipσ)
2
.
Similarly,
‖u− v‖22,α,β = ‖Au−Av‖
2
2,α,β ≤ Cα,β,Tλ
2Lip2σ‖u− v‖
2
2,α,β,
thus ‖u−v‖22,α,β
[
1−Cα,β,Tλ
2Lip2σ
]
≤ 0 and therefore ‖u−v‖2,α,β < 0 if and only
if Cα,β,T <
1
(λLipσ)
2 . The existence and uniqueness result follows by Banach’s
contraction principle.
The upper growth moment bound (upper bound estimate) on the solution
was given with the assumption that the initial condition is bounded above as
follows:
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Theorem 3.8. Given that Conditions 3.1 and 3.3 hold, then for t ∈ [a, T ], 0 <
T <∞ we have
sup
x∈R
E|u(x, t)|2 ≤ c1 exp
(
c2(t− a)
2α−1
)
,
for some positive constant c1 and c2 =
λ2Lip2σ
2α−1
, α 6= 1
2
.
Remark 3.9. When α = 1
2
, c2 = ∞ and the solution grows up to infinity.
That is, the solution fails to exist (have a finite number) at any finite time t.
3.1 Lower Moment Bound
Similarly, we have the lower bound estimate by assuming that the initial
condition u0(x) > c3 for some positive constant c3 and
Condition 3.10. There exist a finite positive constant, Lσ such that for all
x ∈ R, we have
|σ(x)| ≥ Lσ|x|.
Thus
Theorem 3.11. Given that Conditions 3.3 and 3.10 hold, then for
t ∈ [a, T ], 0 < T <∞ we have
inf
x∈R
E|u(x, t)|2 ≥ c3 exp
(
c4(t− a)
2α−1
)
(3.2)
for some positive constants c3 and c4 =
λ2L2σ
2α−1
, α > 1
2
.
Proof of Theorem 3.11. Assume that the initial condition u0(x) is bounded
below, then by Itó isometry, we have
E|u(x, t)|2 ≥ |u0(x)|
2 + λ2
∫ t
a
(s− a)2(α−1)E|σ(u(x, s))|2ds
≥ c3 + λ
2L2σ
∫ t
a
(s− a)2(α−1)E|u(x, s)|2 ds.
Let f(t) := inf
x∈R
E|u(x, t)|2. Then we have
f(t) ≥ c3 + λ
2L2σ
∫ t
a
(s− a)2(α−1)f(s)ds.
Thus solving the differential equation f˙(t) = λ2L2σ(t − a)
2(α−1)f(t) with
f(a) = c3, we have f(t) = c3 exp
[
λ2L2σ
2α−1
(t − a)2α−1
]
and therefore
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f(t) ≥ c3 exp
[
λ2L2σ
2α−1
(t− a)2α−1
]
and the result follows.
We now give some immediate consequences of the above Theorem 3.8 and
Theorem 3.11. First is the long time behavior of the energy solution, which
says that the rate of growth depends on the operator and the noise term (the
noise level) as time grows large:
Corollary 3.12. Suppose that α > 1
2
and that positive constants Lσ, Lipσ are
as in Theorems 3.8 and 3.11. Then for all x ∈ R and λ > 0
(λLσ)
2
2α− 1
≤ lim inf
t→∞
logE|u(x, t)|2
(t− a)2α−1
≤ lim sup
t→∞
logE|u(x, t)|2
(t− a)2α−1
≤
(λLipσ)
2
2α− 1
.
The next result gives the rate of growth of the second moment with respect
to the noise parameter λ
Corollary 3.13. Suppose that α > 1
2
and that positive constants Lσ, Lipσ are
as in Theorems 3.8 and 3.11. Then for all x ∈ R and t > a
L2σ(t− a)
2α−1
2α− 1
≤ lim inf
λ→∞
logE|u(x, t)|2
λ2
≤ lim sup
λ→∞
logE|u(x, t)|2
λ2
≤
Lip2σ(t− a)
2α−1
2α− 1
.
3.2 Global non-existence of solution
We show that if the function σ grows faster than linear, then the second
moment E|u(x, t)|2 of the solution to (1.2) ceases to exist for all time t. Now
suppose that instead of Condition 3.10, we have the following condition.
Condition 3.14. There exist a finite positive constant, Lσ such that for all
x ∈ R, we have
|σ(x)| ≥ Lσ|x|
β, β > 1.
Theorem 3.15. Suppose that Conditions 3.3 and 3.14 are in force. Then
there does not exist a solution to Equation (1.2) for all α < 1
2
.
Proof. Assume that the initial condition u0(x) > c5, then by Condition 3.14,
and applying Jensen’s inequality we have
E|u(x, t)|2 ≥ |u0(x)|
2 + λ2
∫ t
a
(s− a)2(α−1)E|σ(u(x, s))|2ds
≥ c25 + λ
2L2σ
∫ t
a
(s− a)2(α−1)E|u(x, s)|2(β)ds
≥ c6 + λ
2L2σ
∫ t
a
(s− a)2(α−1)
(
inf
x∈R
E|u(x, s)|2
)β
ds.
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Let f(t) := inf
x∈R
E|u(x, t)|2. Then it follows that
f(t) ≥ c6 + λ
2L2σ
∫ t
a
(s− a)2(α−1)fβ(s)ds
= c6 + λ
2L2σ
∫ t
a
(s− a)2(α−1)−β(2α−1)
(
(s− a)(2α−1)f(s)
)β
ds.
Multiply through by (t− a)(2α−1) and take α < 1
2
such that 2α− 1 < 0, then
y(t) ≥ c6(t− a)
(2α−1) + λ2L2σ(t− a)
(2α−1)
∫ t
a
(s− a)2(α−1)−β(2α−1)yβ(s)ds
≥ c6(T − a)
(2α−1) + λ2L2σ(T − a)
(2α−1)
∫ t
a
(s− a)2(α−1)−β(2α−1)yβ(s)ds
since a ≤ t ≤ T =⇒ 0 ≤ t− a ≤ T − a from which it follows that
(t− a)(2α−1) ≥ (T − a)(2α−1) with y(t) = (t− a)(2α−1)f(t).
Solving the differential equation
y˙(t) = λ2L2σ(T − a)
(2α−1)(t− a)2(α−1)−β(2α−1)yβ(t)
with y(a) = c6(T − a)
(2α−1) we have
y(t) =
{
(1− β)λ2L2σ(T − a)
(2α−1)
(2α− 1)(1− β)
(t− a)(2α−1)(1−β) + y(a)1−β
} 1
1−β
and the solution fails to exist for all (2α − 1)(1 − β) > 0, that is, for all
β > 1 and α < 1
2
.
Theorem 3.16. Suppose that Conditions 3.3 and 3.14 are in force. Then
there does not exist a solution to Equation (1.2) for all α ≥ 1
2
.
Proof. Assume that the initial condition u0(x) > c5, then by Condition 3.14,
and applying Jensen’s inequality we have
E|u(x, t)|2 ≥ |u0(x)|
2 + λ2
∫ t
a
(s− a)2(α−1)E|σ(u(x, s))|2ds
≥ c25 + λ
2L2σ
∫ t
a
(s− a)2(α−1)E|u(x, s)|2(β)ds
≥ c6 + λ
2L2σ
∫ t
a
(s− a)2(α−1)
(
inf
x∈R
E|u(x, s)|2
)β
ds.
12 Nane, Nwaeze and Omaba
Let f(t) := inf
x∈R
E|u(x, t)|2. Then it follows that
f(t) ≥ c6 + λ
2L2σ
∫ t
a
(s− a)2(α−1)fβ(s)ds. (3.3)
Now consider the equation
f ′(t)
fβ(t)
= λ2L2σ(t− a)
2(α−1)
with f(a) = c6. This equation has a solution
f 1−β(t) = c1−β6 + (1− β)(λ
2L2σ/(2α− 1))(t− a)
2α−1.
This solution blows up in finite time. By comparison principle f blows up
in finite time too.
When α = 1/2 from (3.3) we get for some b > a
f(t) ≥ c6 + λ
2L2σ
∫ t
b
(s− a)−1fβ(s)ds. (3.4)
Considering the equation
f ′(t)
fβ(t)
= λ2L2σ(t− a)
−1
with f(b) = c6. This equation has a solution
f 1−β(t) = c1−β6 + (1− β)(λ
2L2σ) ln
[
(t− a)/(b− a)
]
.
This solution blows up in finite time. By comparison principle f blows up
in finite time too.
4 Conclusion
We studied a class of conformable time-fractional stochastic equation, proved
the existence and uniqueness result under some suitable conditions on the
initial function and also studied the asymptotic behavior (long-term
properties) of the solution with respect to the time t and noise parameter λ.
The obtained result also shows that the global non-existence of the solution
depends on the parameter α, that is, the second moment of the solution fails
to exist for all t when the non-linearity term σ grows faster than linear for
α ∈ (0, 1).
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